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 Answer all questions. Each question carries 20 marks. 

 

1. (a) If u and v are solutions of 𝐿(𝑦(𝑡)) = 𝑎0(𝑡)𝑦′′ + 𝑎1(𝑡)𝑦′ + 𝑎2(𝑡)𝑦 = 0, prove that 𝑊[𝑢, 𝑣] =

𝑘𝑒
− ∫

𝑎1(𝑡)

𝑎0(𝑡)
𝑑𝑡

 where k is a constant.  (5) 

(OR) 

(b) Prove that 𝑥(𝑡) = 𝑐1 𝑥1(𝑡) + 𝑐2 𝑥2(𝑡) is a solution of 𝐿(𝑦(𝑡)) = 0 where 𝑥1(𝑡) and 𝑥2(𝑡) are any 

two solutions of 𝐿(𝑦(𝑡)) = 0 and 𝑐1, 𝑐2 are any two constants.   (5) 

 

(c) Find the general solution of the equation 𝑥′′′(𝑡) − 𝑥′(𝑡) = 𝑐𝑜𝑠𝑡, using the method of variation of 

parameters. (15) 

(OR) 

(d) Assume that 𝑎0(𝑡), 𝑎1(𝑡), … , 𝑎𝑛(𝑡) and 𝑏(𝑡) are real valued continuous functions of t defined on the 

interval I of the real line R and that 𝑎0(𝑡) ≠ 0 for all 𝑡 ∈ 𝐼. Prove that the initial value problem 

𝑎0(𝑡)𝑥(𝑛) + 𝑎1(𝑡)𝑥(𝑛−1) + ⋯ + 𝑎𝑛(𝑡)𝑥 = 𝑏(𝑡) with initial conditions 𝑥(𝑡0) = 𝛼1, 𝑥′(𝑡0) = 𝛼2, 

…, 𝑥(𝑛−1)(𝑡0) = 𝛼𝑛 admits one and only one solution.   (15) 

 

2. (a) State and prove Rodrigue’s formula.  (5) 

(OR) 

(b) Prove that (i) 𝑃𝑙(1) = 1, and (ii) 𝑃𝑙
′(1) = 𝑙(𝑙 + 1)/2.  (5) 

 

(c) Use Frobenius method to solve 𝑥2 𝑑2𝑦

𝑑𝑥2
− 3𝑥

𝑑𝑦

𝑑𝑥
+ (3 − 𝑥)𝑦 = 0. (15) 

(OR) 

(d) Obtain the generating function for the Legendre polynomials. (15) 

 

3. (a) State and prove any two recurrence relations for Bessel’s function.  (5) 

(OR) 

(b) When n is a non-zero integer, show that 𝐽−𝑛(𝑥) = (−1)𝑛𝐽𝑛(𝑥).  (5) 
 

(c) Solve: 𝑥2 𝑑2𝑦

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
+ (𝑥2 − 𝑛2)𝑦 = 0 where 𝑛 ≥ 0. (15) 

(OR) 

(d) State and prove the integral representation of Bessel’s function. (15) 

 

4. (a) For the distinct parameters 𝜆 and 𝜇 , let x and y be the corresponding solutions of the Strum-Liouville 

problem respectively such that [𝑝𝑊(𝑥, 𝑦)]𝐴
𝐵 = 0.  Prove that ∫ 𝑟(𝑠) 𝑥(𝑠) 𝑦(𝑠) 𝑑𝑠 = 0

𝐵

𝐴
.   (5) 

(OR) 
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(b) Using the method of successive approximations, solve the initial value problem 𝑥′(𝑡) = −𝑥(𝑡), 

𝑥(0) = 1, 𝑡 ≥ 0.  (5) 

 

(c) Let 𝐺(𝑡, 𝑠) be the Green’s function. Prove that 𝑥(𝑡) is a solution of the equation 𝐿(𝑥(𝑡)) + 𝑓(𝑡) = 0, 

𝑎 ≤ 𝑡 ≤ 𝑏, if and only if 𝑥(𝑡) = ∫ 𝐺(𝑡, 𝑠)𝑓(𝑠)
𝑏

𝑎
𝑑𝑠. (15) 

(OR) 

(d) State and prove Picard’s theorem for boundary value problem. (15) 
 

5. (a) Discuss the stability behavior of the system 𝑥′ = −𝑥 at origin.  (5) 

(OR) 

(b) Show that the null solution of the equation 𝑥′ = 𝐴(𝑡)𝑥 is stable if and only if there exists a positive 

constant k such that |𝜙(𝑡)| ≤ 𝑘, 𝑡 ≥ 𝑡0.  (5) 

 

(c) State and prove the two fundamental theorems on the stability of non-autonomous systems.

 (15) 

(OR) 

(d) Discuss the stability of linear system 𝑥′ = 𝐴𝑥 using Lyapunov’s function. (15) 
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